The Cauchy Problem and Stability of Solitary-Wave Solutions for RLW–KP-Type Equations  by Bona, Jerry L. et al.
Journal of Differential Equations 185, 437–482 (2002)
doi:10.1006/jdeq.2002.4171The Cauchy Problemand Stabilityof Solitary-Wave Solutions
for RLW–KP-Type Equations1
Jerry L. Bona2
Department of Mathematics, Statistics and Computer Science, University of Illinois at Chicago,
Chicago, Illinois 60607
E-mail: bona@math.uic.edu
Yue Liu
Department of Mathematics, University of Texas at Arlington, Arlington, Texas 76019
E-mail: liu@math.uta.edu
and
Michael M. Tom
Department of Mathematics, Louisiana State University, Baton Rouge, Lousiana 70803
E-mail: tom@math.lsu.edu
Received June 6, 2001; revised October 17, 2001
The Kadomtsev–Petviashvilli (KP) equation,
ðut þ ux þ uux þ uxxxÞx þ euyy ¼ 0; ð*Þ
arises in various contexts where nonlinear dispersive waves propagate principally
along the x-axis, but with weak dispersive effects being felt in the direction parallel to
the y-axis perpendicular to the main direction of propagation. We propose and
analyze here a class of evolution equations of the form
ðut þ ux þ u pux þ LutÞx þ euyy ¼ 0; ð* *Þ
which provides an alternative to Eq. (*) in the same way the regularized long-wave
equation is related to the classical Korteweg–de Vries (KdV) equation. The operator
L is a pseudo-differential operator in the x-variable, p51 is an integer and e ¼ 1:1This work is partially supported by the National Science Foundation and by the Louisiana
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BONA, LIU, AND TOM438After discussing the underlying motivation for the class ð* * Þ; a local well-posedness
theory for the initial-value problem is developed. With assumptions on L and p that
include conditions appertaining to models of interesting physical phenomenon, the
solutions deﬁned locally in time t are shown to be smoothly extendable to the entire
time-axis. In the particularly interesting case where L ¼ @2x and e ¼ 1; ð*Þ
possesses travelling-wave solutions uðx; y; tÞ ¼ fcðx  ct; yÞ provided c > 1 and 0op
o4: It is shown here that these solitary waves are stable for 0opo4
3
and c > 1 and for
4
3
opo4 if c > ð4pÞ=ð4þ pÞ: The paper concludes with commentary on extensions of
the present theory to more than two space dimensions. # 2002 Elsevier Science (USA)
Key Words: regularized long-wave equation; anisotropic Sobolev spaces; non-
linear dispersive waves; Kadomtsev–Petviashvili equation; transverse propagation.1. INTRODUCTION
Studied here are initial-value problems of the form
ðut þ ux þ u pux þ LutÞx þ euyy ¼ 0; ðx; yÞ 2 R
2; t > 0;
uðx; y; 0Þ ¼ fðx; yÞ;
(
ð1:1Þ
that include natural generalizations of a regularized version of the
Kadomtsev–Petviashvili equation for the propagation of surface water
waves. In (1.1), e ¼ 1; p51 is an integer, and L is an operator formally
deﬁned by
cLf ðk; lÞ ¼ mðkÞfˆ ðk; lÞ: ð1:2Þ
Here a circumﬂex over a function denotes the function’s Fourier transform
and the symbol m of L will be assumed homogeneous, though this is not
necessary for most of the results in view.
The goal of the present paper is to establish qualitative results for the
initial-value problem (1.1). Thus a theory is put forward that asserts, under
suitable assumptions about the symbol m of the operator L; the power p in
the nonlinearity, and the initial data f; problem (1.1) is globally well-posed.
That is corresponding to a given f; there is a unique solution u deﬁned for
ðx; y; tÞ 2 R2  R and, moreover, u depends continuously on f: A more
detailed aspect of the evolution equation is then considered for the special
but important case where L ¼ @2x and e ¼ 1: In this situation, the
equation admits solitary-wave solutions (see [14–16, 41]). Building on the
global well-posedness, a theory of nonlinear stability of certain of these
travelling waves is developed. The paper also includes commentary about
the extension of the present ideas to more than two space dimensions.
Before embarking on the mathematical development, it is worth putting
the evolution equations featured in (1.1) into context. The Kadomtsev–
CAUCHY PROBLEM AND SOLITARY-WAVE SOLUTIONS 439Petviashvili equations
Zt þ Zx þ
3
2
ZZx þ
1
6
Zxxx þ
1
2
wy ¼ 0;
wx  Zy ¼ 0;
(
ð1:3Þ
were ﬁrst put forward as a model to describe wave propagation on the
surface of water of constant depth h; say. Here, x and y are longitudinal and
lateral coordinates in the horizontal plane and these variables, the wave
height Z; the transverse velocity w and time t have been rendered
nondimensional with respect to h and the gravitational acceleration g: The
underlying assumptions leading to (1.3) are that the motion is that of an
ideal ﬂuid, so viscosity is ignored, that the ﬂow is irrotational, the wave
amplitude small, the wavelength in the x-direction large, and the variations
in the y-direction even more gradual. Moreover, it is assumed that the
waves move primarily in the direction of increasing values of x: If
the nondimensional variables in (1.3) are scaled so that Z and its ﬁrst
few partial derivatives are all of order one, Eq. (1.3) takes the revealing
form
Zt þ Zx þ dZZx þ dZxxx þ dwy ¼ 0;
wx  Zy ¼ 0;
(
ð1:4Þ
where d represents the order of the ratio of wave amplitude a to the
undisturbed height h: The parameter d is assumed also to be the order of
h2=l2x; where lx is a typical wavelength in the x-direction, and is also
assumed to be of order of h=ly; where ly is a typical wavelength in the y-
direction. (The constants 3
2
; 1
6
and 1
2
naturally appearing in the original
nondimensionalization have been scaled out in (1.4).) In fact, the zeroes on
the right-hand side of (1.4) appear from ignoring higher-order terms, and a
more complete accounting would reveal terms of formal order d2 on the
right-hand side of the ﬁrst equation, and of order d on the right-hand side of
the second equation. At the lowest order, Zt þ Zx ¼ OðdÞ as d! 0; a
reﬂection of the essential unidirectionality of the wave motion. If this
relation is differentiated twice with respect to x; it appears formally Zxxx ¼
Zxxt þOðdÞ; as d! 0: If this latter relation is used in the ﬁrst equation in
(1.4), there obtains the system
Zt þ Zx þ dZZx  dZxxt þ dwy ¼ 0;
wx  Zy ¼ 0;
(
ð1:5Þ
which is formally equivalent to (1.4) in that the difference between the two
equations lies at order d2; and such terms have all been systematically
ignored.
BONA, LIU, AND TOM440Another way to draw the same conclusion is to consider the linearized
KP-equation
ut þ ux þ 16uxxx þ
1
2
wy ¼ 0;
wx  uy ¼ 0;
(
which can be written as the single equation
ðut þ ux þ 16 uxxxÞx þ
1
2 uyy ¼ 0 ð1:6Þ
by cross-differentiating. If we search for a simple-wave solution of the form
eiðkxþlyotÞ; then the dispersion relation
o ¼ oðk; lÞ ¼
k2 þ 1
2
l2  1
6
k4
k
ð1:7Þ
is determined.
Indeed, (1.7) results from truncating the linearized dispersion
relation
o2ðk; lÞ ¼ k tanhðkÞ; ð1:8Þ
where k2 ¼ k2 þ l2; for the full Euler equations under the scaling
assumptions in force here (that k2 ¼ OðdÞ and l ¼ OðdÞ as d! 0). Since k
is small, we may write
o2ðk; lÞ ¼ k2  1
3
k4 þ higher-order terms
¼ k2 þ l2  1
3
ðk4 þ 2k2l2 þ 
 
 
Þ þ higher-order terms
¼ k2 1þ
l2
k2

1
3
k2
 
þ higher-order terms;
where the higher-order terms are all Oðd5=2Þ; and so formally negligible
compared to k4 and l2; both of which have order d2: Taking the positive
square root of o corresponding to waves moving to the right, there
appears
oðk; lÞ ¼ k 1þ
1
2
l2
k2

1
6
k2
 
þ higher-order terms
¼
k2 þ 1
2
l2  1
6
k4
k
þ higher-order terms; ð1:9Þ
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approximated to the same order in d by
*oðk; lÞ ¼
k2 þ 1
2
l2
kð1þ 1
6
k2Þ
ð1:10Þ
(since k2l2 is of higher order), and this is precisely the linearized dispersion
relation for the regularized version
ðZt þ Zx þ
3
2
ZZx 
1
6
ZxxtÞx þ
1
2
Zyy ¼ 0 ð1:11Þ
of (1.3).
Note that in case the wave motion does not vary at all with y; (1.3) and
(1.11) reduce to the Korteweg–de Vries equation
Zt þ Zx þ
3
2
ZZx þ
1
6
Zxxx ¼ 0 ð1:12Þ
and the regularized long-wave equation or BBM-equation
Zt þ Zx þ
3
2
ZZx 
1
6
Zxxt ¼ 0; ð1:13Þ
respectively, which govern to a good approximation the unidirec-
tional propagation of small-amplitude long water waves in a chan-
nel where variation across the channel can be safely ignored (see
[10, 18, 21, 22, 44]).
There are many other physical systems besides the surface of water under
gravity that feature waves where a balance is struck between nonlinearity
and dispersion. Sometimes, the lowest level description of such systems is
(1.12) and (1.13), but not always. Nonlinearity occasionally enters at other
than quadratic order while the linearized dispersion relation need not be a
quadratic polynomial. This has led to a study of the generalized Korteweg–
de Vries equations
ut þ ux þ u pux  Lux ¼ 0; ð1:14Þ
and their regularized counterparts
ut þ ux þ u pux þ Lut ¼ 0; ð1:15Þ
(cf. [1, 3, 5, 11, 27, 42, 43]), where p51 is an integer and L is as in (1.2),
cLvðkÞ ¼ mðkÞvˆðkÞ;
BONA, LIU, AND TOM442but the Fourier transforms are taken with respect to a single spatial variable.
The linearized dispersion relations corresponding to (1.14) and (1.15) are
oðkÞ ¼ kð1mðkÞÞ
and
oðkÞ ¼
k
1þ mðkÞ
;
respectively. These are typically close to one another for long waves (small
values of k) for symbols m that arise in practice (see [3, 11]).
If weaker, but not vanishingly small variations along wave crests are
contemplated, it is natural to start with a quadratic dependence on
wavenumber in the y-direction, and this leads immediately to the augmented
relations
oðk; lÞ ¼ k 1 mðkÞ þ
l2
k2
 
ð1:16Þ
or its regularized version
oðk; lÞ ¼
k2 þ l2
kð1þmðkÞÞ
; ð1:17Þ
analogous to (1.9) and (1.10), respectively. At this level of modelling, (1.14)
and (1.15) become
ðut þ ux þ u pux  LuxÞx  uyy ¼ 0 ð1:18Þ
and
ðut þ ux þ u pux þ LutÞx  uyy ¼ 0; ð1:19Þ
where the sign depends on the particular system being modelled. Class (1.18)
has been studied recently in [36, 39] (see also [19,20,24,26,34,35,40,45] for
studies of subclasses of (1.18), and in particular for the original Kadomtser-
Petviashvili equation). In this script, attention will be given to the collection
of models depicted in (1.19).
The ﬁrst goal with regard to (1.19) is to establish that the pure initial-
value problem in R2 is globally well-posed. To obtain such a result, it is
shown in Section 3 that under assumptions that include physically
interesting models, the problem is locally well-posed. This is accomplished
by means of the contraction-mapping principle in a suitably chosen space.
Global existence, uniqueness and continuous dependence on initial data is
proved in Section 4 making use of the special structure of the equations
CAUCHY PROBLEM AND SOLITARY-WAVE SOLUTIONS 443exposed in Section 2. Section 2 also features notation and some formal
manipulations that motivate the rigorous theory to follow.
It is worth remarking that settling the issue of global existence is not just
an idle exercise in making rigorous what is otherwise easily understood.
Indeed, the Cauchy problem for a generalized Kadomtsev–Petviashvili
equation of the form
ðut þ ux þ u pux DaxuxÞx þ euyy ¼ 0; ð1:20Þ
where Dx ¼ ð@2xÞ
1=2 is the positive square root of the Laplace operator, has
been studied by various authors most especially in the case a ¼ 2: Bourgain
[17] has proved that the pure initial-value problem for what is usually called
the KPII equation ða ¼ 2; e ¼ þ1; p ¼ 1) is locally well-posed, and hence, in
light of one of the conservation laws for the equation, globally well-posed
for data in L2ðR
2Þ: A compactness method that uses only the divergence
form of the nonlinearity and the skew-adjointness of the linear dispersion
operator was employed by Iorio and Nunes [23] to establish local well-
posedness for data in HsðR2Þ; s > 2 for the KPI equation ða ¼ 2; e ¼ 1;
p ¼ 1). The Iorio–Nunes approach applies equally well to KPII-type
equations. It was shown that Eq. (1.20) has global solutions corresponding
to large initial data for e ¼ 1 and a52 provided that poð4aÞ=ð4þ aÞ (see
[39]). It has also been shown that certain solutions of (1.20) cannot remain in
the Sobolev space H1ðR2Þ for all time if e ¼ 1 and p54: Indeed, it is
demonstrated that the L2ðR
2Þ-norm of uy blows up in ﬁnite time (see
[33, 41]). This blow-up result has little to do with the dispersion in x and
depends solely on the transverse dispersion. Indeed the same result can be
shown to hold for the inviscid Burgers version of the KP equation in two
space dimensions, viz.,
ðut þ ux þ u puxÞx  uyy ¼ 0:
One of the important features of the one-dimensional equations (1.12)
and (1.13) is their solitary-wave solutions (see [6, 9, 28, 41]). In many
particular instances of these equations, the solitary travelling waves play a
distinguished role in the longer-time asymptotics of solutions. In the special,
but important case where L ¼ @2x; it has been shown that (1.1) possesses
nontrivial travelling-wave solutions if and only if e ¼ 1 and 14po4
[15, 41]. The symmetry of these travelling-wave solutions with respect to the
transverse coordinate y and the fact that they decay to zero as x2 þ y2 !
þ1 was proven by de Bouard and Saut [15]. In [41], the set of ground-state
solitary wave solutions was shown to be orbitally stable if po4
3
; while a
proof of instability of the solitary waves corresponding to p > 4 was also
offered. Several of the technical points in the proof of the instability in [41]
were carried out in detail in [14]. When e ¼ 1 and L ¼ @2x þ @
4
x; Eq. (1.1)
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equation introduced by Abramyan and Stepanyants [2] and Karpman and
Belashov [25]. In this case, for e ¼ 1 and for any integer p; (1.1) possesses
nontrivial solitary-wave solutions (see [15]). These were observed numeri-
cally for p ¼ 1 and e ¼ 1 in [25].
In Section 5, the prospect in view is the stability of the de Bouard–Saut
travelling-wave solutions. Thus attention is given to the case L ¼ @2x and
conditions on the speed of propagation c and the power of the nonlinearity p
are determined so that the associated solitary-waves are stable when
considered as solutions of the full evolution equation. Unfortunately, our
theory relies on the homogeneity of the operator L; and so it does not apply
as it stands to the operator L ¼ @2x þ @
4
x; for example.
2. NOTATION AND PRELIMINARY DISCUSSION
In the present section, notation is introduced and some preliminary
mathematical points are brought to the fore. The calculations in this section
motivate the theory to follow in the later sections. Some are presented
without formal justiﬁcation, but this is easily provided as soon as the local
well-posedness result is in hand.
The norm in L2ðR
2Þ will be written jj 
 jj0; while jj 
 jjs will stand for the
norm in the classical Sobolev spaces
HsðR2Þ ¼ f f 2 L2ðR
2Þ: ð1þ x2 þ Z2Þs=2 fˆðx; ZÞ 2 L2ðR
2Þg;
where the circumﬂex connotes the Fourier transform as before. For
1 p 1, the norm in LpðR
2Þ will be written j 
 jp. For any s51; let
Xs ¼ f f 2 HsðR
2Þ: @1x fy 2 H
s1ðR2Þg
equipped with the norm
jj f jjXs ¼ jj f jjs þ jj@
1
x fyjjs1:
Here and below, @1x fy is deﬁned via the Fourier transform asd@1x fy ¼ Zx fˆðx; ZÞ:
Note that if s51; then @1x fy 2 L2ðR
2Þ; so there is a g 2 L2ðR
2Þ such that
fy ¼ gx at least in the sense of distribution. On the other hand, since f 2
HsðR2Þ  H1ðR2Þ; so fy 2 L2ðR
2Þ; whence gx 2 L2ðR
2Þ: Thus g lies in the
Hilbert space H1xðR
2Þ; where
HlxðR
2Þ ¼ f f 2 L2ðR
2Þ: ð1þ x2Þl=2 fˆðx; ZÞ 2 L2ðR
2Þg:
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Hly ðR
2Þ ¼ f f 2 L2ðR
2Þ: ð1þ Z2Þl=2 fˆðx; ZÞ 2 L2ðR
2Þg
supplied with the obvious norm and, for b50;
VbðR
2Þ ¼ f 2 L2ðR
2Þ: jxjb fˆðx; ZÞ;
Z
x
fˆðx; ZÞ 2 L2ðR
2Þ
 
with the norm
jj f jjVbðR2Þ ¼
Z
R2
1þ jxj2b þ
Z2
x2
 
jfˆðx; ZÞj2 dx dZ
 1=2
:
If b50; let
WbðR
2Þ ¼ f f 2 Hbþ1x ðR
2Þ: @1x fy 2 H
b
x ðR
2Þg
with norm
jj f jjWbðR2Þ ¼ jj f jjHbþ1x ðR2Þ
þ jj@1x fyjjHa=2x ðR2Þ
and let W˜bðR
2Þ be the space
W˜bðR
2Þ ¼ f f 2 Hbx ðR
2Þ: @1x fy 2 H
b
x ðR
2Þg
with the norm
jj f jjW˜bðR2Þ ¼ jj f jjHbx ðR2Þ þ jj@
1
x fyjjHbx ðR2Þ:
Note that if b > 1
2
; then for any f 2 WbðR
2Þ;Z 1
1
fyðx; yÞ dx ¼ 0; ð2:1Þ
where for almost every y; the left-hand side of (2.1) is an improper Riemann
integral. As above when delineating @1x fy; deﬁne @
2
x fyy via the relation
d@2x fyy ¼ Z2x2 fˆðx; ZÞ:
If this quantity lies in L2ðR
2Þ; then fyy ¼ hxx for some h 2 L2ðR
2Þ; and thus as
in (2.1), if @2x fyy 2 H
b
x ðR
2Þ for some b > 1
2
; thenZ 1
1
Z x
1
fyyðx1; yÞ dx1 dx ¼ 0; ð2:2Þ
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Riemann integral. The local existence theory for the initial-value problem
(1.1) subsists in part on the fact that the initial data f lies in H2xðR
2Þ: This is
implied if f 2 Wa=2ðR
2Þ for a52 and equally if f 2 W˜a=2ðR
2Þ for a54: In the
interest of sharpening the theory a little, we have chosen to work with the
two different versions of these W -spaces.
We now enter into a set of formal calculations wherein it is presumed that
the wave-proﬁle uðx; y; tÞ decays to 0 suitably rapidly as x !1; and that
u is appropriately bounded in the y-variable. Integrating the evolution
equation in (1.1) with respect to x and applying zero boundary conditions at
x ¼ 1 in concert with our decay-assumptions, it is determined thatZ 1
1
uyyðx; y; tÞ dx ¼ 0;
and thus that Z 1
1
uðx; y; tÞ dx ¼ c1ðtÞ þ c2ðtÞy; ð2:3Þ
where c1 and c2 are independent of y: The boundedness condition in the y-
variable forces c2ðtÞ  0:
If, as will be assumed later, the initial data f has the property that fy ¼
cx for some L2ðR
2Þ-function c; then the initial-value problem (1.1) may be
written as an equivalent system
ut þ ux þ u pux þ Lut þ evy ¼ 0;
vx ¼ uy;
(
ð2:4Þ
(see de Bouard and Saut [15]) with uðx; y; 0Þ ¼ fðx; yÞ and vðx; y; 0Þ ¼
cðx; yÞ: In the original application to water waves where p ¼ 1; L ¼ @2x and
e ¼ þ1; v represents the horizontal velocity along the crest, so in the y-
direction. Integrating the ﬁrst equation in (2.4) with respect to x; and using
the assumption that L ¼ N@x where the symbol nðxÞ ¼ mðxÞ=ix of M is
assumed to be bounded near x ¼ 0; it transpires that
@t
Z 1
1
uðx; y; tÞ dx ¼ e
Z 1
1
vyðx; y; tÞ dx ¼ e@y
Z 1
1
vðx; y; tÞ dx: ð2:5Þ
The left-hand side of (2.5) is c01ðtÞ; which is independent of y: Averaging (2.5)
over the interval fy :  k4y4kg; where k > 0; leads to
c01ðtÞ ¼
e
2k
Z 1
1
vðx; k; tÞ dx 
Z 1
1
vðx;k; tÞ dx
 
: ð2:6Þ
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1
vðx; y; tÞ dx;
as a function of y and taking the limit as k ! þ1 in (2.6) gives c01ðtÞ  0;
whence c1ðtÞ  c1ð0Þ ¼ c1; say. Note this conclusion was drawn without
asking that the solution u tend to 0 as y !1: If this latter condition is
imposed then it follows formally that c1 ¼ 0; or that u satisﬁes the
compatibility condition Z 1
1
uðx; y; tÞ dx ¼ 0; ð2:7Þ
for all y 2 R and t for which the solution exists.
Now if (2.7) holds, let w ¼ ut: Then w formally satisﬁes the
equation
wt þ wx þ ðu pwÞx þ Lwt þ e@
1
x wyy ¼ 0;
where L ¼ N@x as above. Integrating the above equation for w with respect
to x over R; it is adduced that
d
dt
Z
R
w dx þ e
Z
R
@1x wyy ¼ 0:
Because c01ðtÞ  0; as determined above, it follows that
d
dt
Z
R
uðx; y; tÞ dx ¼
Z
R
w dx ¼ 0;
whence, Z
R
@1x wyy dx ¼ 0
and thus Z
R
@1x wyy dx ¼
Z
R
@1x uyyt dx ¼ 0:
It is thereby inferred thatZ
R
@1x uyyðx; y; tÞ dx ¼
Z
R
@1x fyyðx; yÞ dx
BONA, LIU, AND TOM448and, in particular, if Z
R
Z x
1
fyyðx1; yÞ dx1 dx ¼ 0; ð2:8Þ
then Z
R
Z x
1
uyyðx1; y; tÞ dx1 dx ¼ 0
for all t > 0:
If the initial data f is such that fy ¼ cx for some c 2 L2ðR
2Þ; then it
seems likely because of (2.7), and is in fact true as will appear later, that
@1x uy 2 L2ðR
2Þ for all t50: If the equation in (1.1) is multiplied by u and the
result integrated over R2; then after appropriate integrations by parts, it is
found that
1
2
d
dt
Z
R2
½u2 þ uLu dx dy ¼ 
Z
R2
uux dx dy 
Z
R2
u pþ1ux dx dy
 e
Z
R2
u@1x uyy dx dy ¼ 0;
sinceZ
R2
u@1x uyy dx dy ¼ 
Z
R2
uy@
1
x uy dx dy ¼ 
1
2
Z
R2
ð@1x uyÞ
2
x dx dy ¼ 0:
Hence, the functional V deﬁned by
V ðuÞ ¼
1
2
Z
R2
½u2 þ uLu dx dy ð2:9Þ
is independent of t; being therefore determined by its value on the initial
data f: Under added restrictions on the initial data, the same is true of the
functional
EðuÞ ¼ 
Z
R2
e
2
ð@1x uyÞ
2 þ
u2
2
þ
u pþ2
ðp þ 1Þðp þ 2Þ
	 

dx dy: ð2:10Þ
To see this, assume that the initial data f is such that fyy ¼ hxx for some
h 2 L2ðR
2Þ: Because of (2.8), we expect that @2x uyy will lie in L2ðR
2Þ for t > 0:
Introduce the function
w ¼ ð1þ LÞ1 e@2x uyy þ u þ
u pþ1
p þ 1
	 

:
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wx ¼ ð1þ LÞ
1½e@1x uyy þ ux þ u
pux ¼ ut;
and hence
d
dt
Z
R2
e
2
ð@1x uyÞ
2 þ
u2
2
þ
u pþ2
ðp þ 1Þðp þ 2Þ
	 

dx dy
¼ e
Z
R2
@1x uy@
1
x uyt dx dy þ
Z
R2
uut dx dy þ
1
p þ 1
Z
R2
u pþ1ut dx dy
¼
Z
R2
e@2x uyy þ u þ
u pþ1
p þ 1
	 

ut dx dy
¼ 
Z
R2
ð1þ LÞwwx dx dy ¼ 0:
In the last step, use has been made of the fact that the operator ð1þ LÞ@x is
skew-symmetric. Because
d
dt
V ðuÞ ¼ 0;
we have
d
dt
Z
R2
u2 dx dy ¼ 
d
dt
Z
R2
uLu dx dy;
and hence the functional EðuÞ can also be written as
EðuÞ ¼ 
Z
R2
e
2
ð@1x uyÞ
2 
1
2
uLu þ
u pþ2
ðp þ 1Þðp þ 2Þ
	 

dx dy:
Using the conserved quantities V ðuÞ and EðuÞ; it is possible to draw some
preliminary conclusions. Suppose that L is homogeneous, say, L ¼ Dax for
some a > 0; where Dx as deﬁned earlier has the Fourier symbol jxj: Then the
term Z
R2
uLu dx dy ¼
Z
R2
ðDa=2x uÞ
2 dx dy;
and the invariance of V expressed in (2.9) implies that if the initial data
f 2 Ha=2x ðR2Þ; then the corresponding solution u of (1.1) with L ¼ Dax lies in
H
a=2
x ðR2Þ for all t50 for which it exists. To draw an inference based on the
invariance of E; the following lemma is helpful. This lemma is closely related
to the imbedding theorems for anisotropic Sobolev spaces studies in [7].
BONA, LIU, AND TOM450Lemma 2.1. Let a51 be given and let p44a=ð4 aÞ for 14a42 or p4
2a for a52: Then there is a constant c depending only on a and p such that for
any f 2 Va=2ðR
2Þ;
j f jpþ2
Lpþ2ðR
2Þ
4cjj f jj2=q
0
0 jj f jj
ðp=2Þþð2=qÞ
H
a=2
x ðR
2Þ
jj@1x fyjj
p=2
0 ; ð2:11Þ
where
q ¼
2ðaþ 2Þ
2p þ ð2 aÞðp þ 2Þ
; q0 ¼
2ðaþ 2Þ
4a ð4 aÞp
if 14a42;
and
q ¼
4a
ð4 aÞp
; q0 ¼
4a
4a ð4 aÞp
if a52:
As a consequence, it follows that there is a constant c such that for all f 2
Va=2ðR
2Þ;
j f jLpþ2ðR2Þ4cjj f jjVa=2ðR2Þ;
which is to say Va=2ðR
2Þ is embedded in Lpþ2ðR
2Þ:
Proof. The lemma is established for C10 ðR
nÞ-functions and then limits
are taken to complete the proof. First, consider the case a52: Because of
Sobolev theory and interpolation, we have that if g 2 Ha=2ðRÞ; then
jjgjjHp=½2ðpþ2ÞðRÞ4cjjgjj
p=½aðpþ2Þ
Ha=2ðRÞ jjgjj
½pða1Þþ2a=½aðpþ2Þ
L2ðRÞ
;
(see [29]). It follows thatZ
R2
j f jpþ2 dx dy4 c
Z
R
jj f ð
; yÞjjpþ2
Hp=½2ðpþ2ÞðRÞ dy
4 c
Z
R
jj f ð
; yÞjjp=a
Ha=2ðRÞjj f ð
; yÞjj
½pða1Þþ2a=a
L2ðRÞ
dy
4 c
Z
R
jj f ð
; yÞjj2Ha=2ðRÞ dy
 p=ð2aÞ

Z
R
jj f ð
; yÞjjð2½pða1Þþ2aÞ=ð2apÞL2ðRÞ dy
 ð2apÞ=ð2aÞ
4 cjj f jjp=a
H
a=2
x ðR
2Þ
jj f jjð2apÞ=a0 sup
y2R
jj f ð
; yÞjjgL2ðRÞ; ð2:12Þ
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2ap : But, for each y 2 R;
jj f ð
; yÞjj2L2ðRÞ ¼
Z
R
f 2ðx; yÞ dx
¼ 2
Z
R
Z y
1
f ðx; y1Þfyðx; y1Þ dy1 dx
¼  2
Z y
1
Z
R
fxðx; y1Þ@1x fyðx; y1Þ dx dy1
4 c
Z
R
jj fxð
; yÞjjL2ðRÞjj@
1
x fyð
; yÞjjL2ðRÞ dy
4 c
Z
R
jj f ð
; yÞjjH1ðRÞjj@
1
x fyð
; yÞjjL2ðRÞ dy
4 c
Z
R
f ð
; yÞjj2H1ðRÞ dy
 1=2 Z
R
jj@1x fyð
; yÞjj
2
L2ðRÞ dy
 1=2
4 c
Z
R
ðjj f ð
; yÞjj
2
a
H
a
2 ðRÞ
jjf ð
; yÞjj
12a
L2ðRÞ
Þ2 dy
 !2
jj@1x fyjj0:
It follows that for any y 2 R;
jj f ð
; yÞjj2L2ðRÞ
4c
Z
R
jj f ð
; yÞjj
4
a
Ha=2ðRÞjj f ð
; yÞjj
24a
L2ðRÞ
dy
 1=2
jj@1x fyjj0
4
Z
R
jj f ð
; yÞjj2Ha=2ðRÞ dy
 2=a Z
R
jj f ð
; yÞjj2L2ðRÞ dy
 12a0@ 1A1=2jj@1x fyjj0
4c
Z
R
jj f ð
; yÞjj2Ha=2ðRÞ dy
 1=a Z
R
jj f ð
; yÞjj2L2ðRÞ dy
 1
2
ð12a Þ
jj@1x fyjj0
4cjj f jj
12a
0 jj f jj
2
a
Ha=2ðR2Þ
jj@1x fyjj0;
and hence
sup
y2R
jj f ð
; yÞjj2L2ðRÞ4cjj f jj
12a
0 jj f jj
2
a
Ha=2ðR2Þ
jj@1x fyjj0: ð2:13Þ
Combining the last inequality with (2.12) yields the result for a52: Observe
in particular that when a ¼ 4; 1
q
¼ 0 and q0 ¼ 1:
BONA, LIU, AND TOM452Now consider the case where 14a42: Again, interpolations givesZ
R2
j f jpþ2 dx dy4 c
Z
R
jj f ð
; yÞjjpþ2
H
p
2ðpþ2Þ ðRÞ
dy
4 c
Z
R
jjf ð
; yÞjj
*y
HrðRÞjj f ð
; yÞjj
y
Ha=2ðRÞ dy; ð2:14Þ
where
y ¼
p  2rðp þ 2Þ
a 2r
and *y ¼
aðp þ 2Þ  p
a 2r
;
with r to be chosen presently. The next step is to gain control of the norm
jj f ð
; yÞjjHrðRÞ: In this regard, write
jj f jj2HrðRÞ ¼
Z
R
ðLrf Þ2 dx ¼
Z 1
1
Z y
1
Lrf ðx; zÞLr@zf ðx; zÞ dz dx;
in which Lr is a standard Bessel potential given by
dLrg ¼ ð1þ x2Þr=2gˆðxÞ:
Suppose that @1x fy 2 L2ðR
2Þ; say @1x fy ¼ g and use Fubini’s theorem to
derive
1
2
jj f ð
; yÞjj2HrðRÞ ¼
Z y
1
Z 1
1
Lrf ðx; zÞ@zL
rf ðx; zÞ dx dz
¼
Z y
1
Z 1
1
Lrf ðx; zÞ@x@1x L
rf ðx; zÞ dx dz
¼ 
Z y
1
Z 1
1
@xL
rf ðx; zÞLrg dx dz
¼ 
Z y
1
Z 1
1
@xL
2rf ðx; zÞg dz dx
4 c
Z 1
1
jj f ð
; yÞjjH1þ2rðRÞjj@
1
x fyjjL2ðRÞ dy
4 cjj f jjH1þ2rx ðR2Þjj@
1
x fyjj0:
Choose r so that 1þ 2r ¼ a
2
: (Notice that r40 since a42:) With this choice
of r; we have
sup
y2R
jjf ð
; yÞjj2HrðRÞ4cjj f jjH1þ2rx ðR2Þjj@
1
x fyjj0: ð2:15Þ
CAUCHY PROBLEM AND SOLITARY-WAVE SOLUTIONS 453Putting this inequality back into (2.14) gives a helpful relation.
With the present choice of r; the quantities y and *y in (2.14) take the
values
y ¼
2p þ ð2 aÞðp þ 2Þ
aþ 2
and *y ¼
4aþ 2pða 1Þ
aþ 2
:
To make further progress with this line of argument, we need y42: This
amounts to the restriction
p4
4a
4 a
:
Supposing p respects this inequality, let q51 be such that yq ¼ 2; and let q0
be the conjugate index. Applying Young’s inequality to the right-hand side
of (2.13) yieldsZ
R2
j f jpþ2 dx dy4
Z 1
1
jj f ð
; yÞjj
*yq0
HrðRÞ dy
 1=q0 Z 1
1
jj f ð
; yÞjj2Ha=2ðRÞ dy
 1=q
;
where
q ¼
2
y
¼
2ðaþ 2Þ
2p þ ð2 aÞðp þ 2Þ
and
q0 ¼
q
q  1
¼
2ðaþ 2Þ
2ðaþ 2Þ  ½2p þ ð2 aÞðp þ 2Þ
¼
2ðaþ 2Þ
4a ð4 aÞp
:
It thus transpires that
*yq0 ¼
2½4aþ 2pða 2Þ
4a ð4 aÞp
:
The right-hand side of the last integral inequality is
Z 1
1
jj f ð
; yÞjj
*yq0
HrðRÞ dy
 1=q0
jj f jj2=q
H
a=2
x ðR
2Þ
:
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above by
sup
y2R
jj f ð
; yÞjj
*yq02
q0
HrðRÞ
Z 1
1
jj f ð
; yÞjj2HrðRÞ dy
 1=q0
:
Using (2.15) and the fact that r40; the latter quantity is bounded above by
jj f jj
*yq02
2q0
H
a=2
x ðR
2Þ
jj@1x fyjj
*yq02
2q0
0 jj f jj
2=q0
0 :
Summarizing, we have derived the inequality
Z
R2
j f jpþ2 dx dy4jj f jj
*yq02
2q0
þ2
q
H
a=2
x ðR
2Þ
jj@1x fyjj
*yq02
2q0
0 jj f jj
2
q0
0 :
On the other hand,
*yq0  2
2q0
¼
*y
2

1
q0
¼
p
2
;
and thus the last inequality is the advertised result for the case 14a42: ]
Remark. When inequality (2.10) is used, we will need the exponent of
jj@1x fyjj0 to be less than or equal to 2, and this entails the restriction po4:
Now suppose initial data f in the class Va=2ðR
2Þ is such that fyy ¼ cxx for
some function c 2 L2ðR
2Þ: Because of the invariance of V ; uð
; tÞ is bounded
in H
a=2
x ðR2Þ for all t > 0 and any p50: The time-independence of EðuÞ
impliesZ
R2
ð@1x uyÞ
2 dx dy ¼
Z
R2
ð@1x fyÞ
2 þ
1
e
f2 þ
2fpþ2
eðp þ 1Þðp þ 2Þ
	 

dx dy 
1
e
jjujj20

2
eðp þ 1Þðp þ 2Þ
Z
R2
u pþ2 dx dy:
CAUCHY PROBLEM AND SOLITARY-WAVE SOLUTIONS 455Applying Lemma 2.1, there appears the relation
jj@1x uyð
; tÞjj
2
04 jj@
1
x fyjj
2
0 þ jjfjj
2
0 þ cjjfjj
2
q0
0 jjfjj
p
2
þ2
q
H
a=2
x ðR
2Þ
jj@1x fyjj
p
2
0
þ jjuð
; tÞjj20 þ cjjuð
; tÞjj
2
q0
0 jjuð
; tÞjj
p
2
þ2
q
H
a=2
x ðR
2Þ
jj@1x uyð
; tÞjj
p
2
0
4 cðjjfjjVa=2ðR2ÞÞ þ cjjfjj
p
2
þ2
H
a=2
x ðR
2Þ
jj@1x uyð
; tÞjj
p
2
0 ; ð2:16Þ
since jej ¼ 1: It follows that if po4; then
sup
t>0
jj@1x uyð
; tÞjj04cðjjfjjVa=2ðR2ÞÞ: ð2:17Þ
Note however, that for 14ao2; inequality (2.17) will only be valid for
p4 4a
4a : In particular, for the regularized Benjamin–Ono–KP model where
a ¼ 1; we require p44
3
: The following proposition emerges from this
discussion.
Proposition 2.2. If p4 4a
4a for 14ao2 or po4 for a52; then a solution
u that starts in Va=2ðR
2Þ will remain in this space throughout its period of
existence, regardless of the sign of e: In case a52; the same conclusion holds if
p ¼ 4 and the initial data f is not too large in Ha=2x ðR2Þ:
3. LOCAL EXISTENCE AND UNIQUENESS OF SOLUTIONS
Hereafter, it will be assumed that the dispersion operator L has the
homogeneous form Dax for some a > 0: Thus (1.1) takes the form
ðut þ ux þ u pux þ DaxutÞx þ euyy ¼ 0; ðx; yÞ 2 R
2; t50;
uðx; y; 0Þ ¼ fðx; yÞ:
(
ð3:1Þ
The ﬁrst step in the analysis of the initial-value problem (3.1) is to establish
existence and uniqueness of solutions over a small time interval. This is
accomplished by writing the solution of the initial-value problem (3.1)
formally as
uðx; y; tÞ ¼ Ktf
Z t
0
KttQ
u pþ1ð
; tÞ
p þ 1
 
dt; ð3:2Þ
BONA, LIU, AND TOM456where the operators Kt and Q are deﬁned via their Fourier transforms, viz.,
dKt f ðx; ZÞ ¼ e iðx2þeZ2Þtxð1þjxjaÞ fˆ ðx; ZÞ;
cQf ðx; ZÞ ¼ ix
1þ jxja
fˆ ðx; ZÞ:
The ﬁrst result records the way in which convolution with Kt and Q; and
thus the composition KtQ; maps various function spaces.
Proposition 3.1. The operator Kt is a unitary operator on all the spaces
L2ðR
2Þ; HsðR2Þ; Xs; HlxðR
2Þ; VaðR
2Þ; WaðR
2Þ and W˜aðR
2Þ: If a51; then Q is a
bounded linear operator from L2ðR
2Þ into Ha1x ðR
2Þ; from H1y ðR
2Þ into
Va1ðR
2Þ; from H1ðR2Þ into Wa1ðR
2Þ; from H1y ðR
2Þ into W˜a1ðR
2Þ; and
from HsðR2Þ into Xs; for any s51:
Proof. The operator Kt is unitary operator on the indicated spaces
because its symbol has modulus 1. The facts about Q are also straightfor-
ward. For example, if g 2 H1y ðR
2Þ; then
jjQgjj2
Va1ðR
2Þ ¼
Z
R2
1þ jxja1 þ
Z2
x2
 
ixgˆ
1þ jxja
 2 dx dZ
¼
Z
R2
1þ jxja1 þ
Z2
x2
 
x2
ð1þ jxjaÞ2
jgˆðx; ZÞj2 dx dZ
4 1þ sup
x
xaþ1
ð1þ jxjaÞ2
" #Z
R2
ð1þ Z2Þjgˆðx; ZÞj2 dx dZ
4 2jjgjj2
H1y ðR
2Þ
since a51: ]
Corollary 3.2. (1) The composite operator KtQ is a bounded linear
operator from L2ðR
2Þ into Ha1x ðR
2Þ for all a51:
(2) KtQ is bounded from H
1
y ðR
2Þ into Va1ðR
2Þ for all a51:
(3) KtQ maps H
1ðR2Þ and H1y ðR
2Þ into Wa1ðR
2Þ and W˜a1ðR
2Þ;
respectively.
(4) KtQ is bounded from H
sðR2Þ into Xs for all s51:
The following embedding result will be helpful in the proof of the local
well-posedness of the initial-value problem.
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2
; WbðR
2Þ is continuously embedded in CbðR
2Þ; the
bounded continuous functions defined on R2:
Proof. The norm of a function f in WbðR
2Þ is equivalent toZ
R2
1þ jxj2bþ2 þ
Z2
x2
ð1þ jxj2bÞ
	 

jfˆðx; ZÞj2 dx dZ
 1=2
:
Note that if g 2 L2ðR
n; wðxÞ dxÞ where w > 0 and 1=w 2 L1ðR
nÞ; then g 2
L1ðR
nÞ: Thus if f 2 WbðR
2Þ and
1
1þ jxj2bþ2 þ Z
2
x2
ð1þ jxj2bÞ
lies in L1ðR
2Þ;
then fˆ 2 L1ðR
2Þ so f 2 CbðR
2Þ and f ! 0 at 1 by the Riemann–Lebesgue
Lemma. To prove the lemma at hand, it therefore sufﬁces to show that if
b > 1
2
; then
1
1þ jxj2bþ2 þ Z
2
jxj2
ð1þ jxj2bÞ
2 L1ðR
2Þ:
Let z ¼ ð1þjxj
2bÞ1=2
jxj Z: The following calculation is decisive in proving the above
claim:Z
R2
dx dZ
1þ jxj2bþ2 þ Z
2
jxj2
ð1þ jxj2bÞ
¼
Z
R2
jxj dx dz
ð1þ jxj2bÞ1=2ð1þ jxj2bþ2 þ z2Þ
¼
Z
R
jxj
1þ jZj2bÞ1=2
Z
R
dz
1þ jxj2bþ2 þ z2
 
dx
¼
Z
R
jxj
ð1þ jxj2bÞ1=2ð1þ jxj2bþ2Þ1=2
tan1
z
ð1þ jxj2bþ2Þ1=2
 !
1
1
dx
¼ p
Z
R
jxj
½ð1þ jxj2bÞð1þ jxj2bþ2Þ1=2
dx
4cp
Z
R
jxj dx
1þ jxj2bþ1
oþ1
if b > 1
2
; and hence the weight w is in L1: This implies the desired result as
indicated above. ]
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Theorem 3.4. If a51 and if the initial data f is such that #f 2 L1ðR2Þ;
then there exists a T > 0 and unique weak solution u of the integral equation
(3.2) such that uˆ 2 Cð0; T ; L1ðR
2ÞÞ: The correspondence #f/uˆ is continuous
from
d
L1ðR
2Þ into Cð0; T ; dL1ðR2ÞÞ:
Proof. In the Fourier-transformed variables, the integral equation has
the form
uˆðx; Z; tÞ ¼ dKtfðx; ZÞ þ Z t
0
dKtsQˆ 1
p þ 1
du pþ1  ds  AðuˆÞ ¼ AfðuˆÞ: ð3:3Þ
If BRð0Þ is the closed ball of radius R about zero in Cð0; T ;
d
L1ðR
2ÞÞ and wˆ
and vˆ are both in BRð0Þ; then
AðwˆÞ  Aðvˆ Þ ¼
Z t
0
K#tsQˆ
1
p þ 1
ðdwpþ1  dv pþ1Þ ds
¼
Z t
0
K#tsQˆ
1
p þ 1
ðwˆ  vˆ Þ* ½cwp þ dwp1v þ 
 
 
 þcv p ds:
Since a51; x
1þjxja is bounded and therefore there is a constant c1 such that
for 04t4T ;
jAðwˆÞ  AðvˆÞj14T jwˆ vˆj1c1R
p:
With this estimate, we see that if R ¼ 2j #fj1 and then T is chosen so that
cTRp ¼ 1
2
then A is both contractive and maps BRð0Þ into itself. From the
contraction mapping principle, it is inferred that there is unique solution u
of the integral equation (3.2) such that u 2 Cð0; T ; dL1ðR2ÞÞ: Since uˆ 2 L1; it is
implied that u 2 CbðR
2Þ; and that u ! 0 at 1: The continuous dependence
of the solution upon the initial data follows immediately since AfðuÞ 
AcðuÞ ¼ Ktðf cÞ: Indeed, if f;c are both initial data whose Fourier
transform lies in L1ðR
2Þ; and R ¼ 2 maxfj #fj1; j #cj1g; then if T is chosen so
that c1TR
p ¼ 12 ; it follows that
sup
04t4T
juˆð
; tÞ  vˆð
; tÞj1 ¼ sup
04t4T
jAfðuˆÞð
; tÞ  AcðvˆÞð
; tÞj1
4 sup
04t4T
jAfðuˆÞð
; tÞ  AcðuˆÞð
; tÞj1 þ sup
04t4T
jAcðuˆÞð
; tÞ  AcðvÞð
; tÞj1
41
2
sup
04t4T
juˆð
; tÞ  vˆð
; tÞj1 þ j #f #cj1;
CAUCHY PROBLEM AND SOLITARY-WAVE SOLUTIONS 459where u and v are the solutions in Cð0; T ;cL1Þ of (3.2) corresponding to
initial data f and c; respectively. It transpires that
jju  vjjCð0;T ;Lˆ1Þ42j
#f #cj1:
Thus the correspondence f/u of data with the associated solution is in fact
locally Lipschitz. ]
Attention is now turned to a well-posedness theory in function spaces
small enough to yield classical solutions, and in which the stability theory of
Section 4 can be cast.
Theorem 3.5. Suppose a51 and let f 2 WbðR2Þ (respectively W˜bðR2ÞÞ
where b51: Then there exists a maximal time T0 depending only on f such
that for each ToT0; the initial-value problem (3.1) has a unique solution u that
lies in Cð0; T ; WbðR
2ÞÞ (respectively Cð0; T ; W˜bðR
2ÞÞ: The maximal time
interval has a lower bound that is related inversely to jjfjjW1ðR2Þ and approaches
þ1 as jjfjjW1ðR2Þ approaches zero.
For given R > 0; there is a TðRÞ > 0 such that the mapping that associates to
the initial data f 2 WbðR
2Þ (respectively W˜bðR
2Þ) the solution u of (3.1) is
continuous from the ball of radius R about zero in WbðR
2Þ (respectively
W˜bðR
2Þ) into Cð0; T ; WbðR
2Þ) (respectively Cð0; T ; W˜bðR
2ÞÞ).
Proof. The proof is made for the case a ¼ 2 and b ¼ 1 just to simplify
notation. The proofs for the general case follow the same line of argument.
The strategy is to ﬁrst show that corresponding to given f 2 W1ðR
2Þ; the
integral equation (3.1) has a solution in Cð0; T ; W1ðR
2ÞÞ for suitable values
of T > 0: This will be accomplished via the contraction-mapping principle as
in Theorem 3.4. For given f in W1ðR
2Þ and any v 2 Cð0; T ; W1ðR
2Þ), deﬁne
the action of the operator A ¼ Af on v to be
Avðx; y; tÞ ¼ Ktfðx; yÞ 
Z t
0
KttQ
v pþ1ð
; tÞ
p þ 1
 
ðx; yÞ dt ð3:4Þ
for ðx; y; tÞ 2 R2  ½0; T : The aim is just as above, to show that the operator
A is a contraction of the closed ball BRð0Þ of radius R about the zero
function in Cð0; T ; W1ðR
2ÞÞ provided R and T are well chosen. The crux of
the matter is to understand the temporal integral in the deﬁnition of A:
Let u; v 2 Cð0; T ; W1ðR
2ÞÞ be given and consider the difference Au
Av: The norm of this difference in W1ðR
2Þ is bounded thusly: for
BONA, LIU, AND TOM460ﬁxed t 2 ½0; T ;Z t
0
KttQ
1
p þ 1
u pþ1
 
dt
Z t
0
KttQ
1
p þ 1
v pþ1
 
dt
  
W1ðR
2Þ
4T sup
04t4T
KttQ
1
p þ 1
ðu pþ1  v pþ1Þ
   
W1ðR
2Þ
4cT sup
04t4T
ðu  vÞ
1
p þ 1
½u p þ u p1v þ 
 
 
 þ v p
   
H1ðR2Þ
;
ð3:5Þ
where c is a universal constant coming from the use of Corollary 3.2. Of
course, H1ðR2Þ is not an algebra, but on account of Lemma 3.3, both u and v
are bounded in terms of their W1ðR
2Þ-norms. In consequence, Leibniz’s rule
comes to our aid in the following calculation:
ðu  vÞ
1
p þ 1
½u p þ u p1v þ 
 
 
 þ v p
   
H1ðR2Þ
4
1
p þ 1
jju  vjjH1ðR2Þju
p þ u p1v þ 
 
 
 þ v pj1
þ
1
p þ 1
ju  vj1ðjj@xðu
p þ u p1v þ 
 
 
 þ v pÞjj0
þ jj@yðu p þ u p1v þ 
 
 
 þ v pÞjj0Þ
4
1
p þ 1
jju  vjjW1ðR2Þ jjujj
p
W1ðR2Þ
þ jjujjp1
W1ðR2Þ
jjvjjW1ðR2Þ þ 
 
 
 þ jjvjj
p
W1ðR2Þ
 
þ
p
p þ 1
jju  vjjW1ðR2Þ jjujj
p
W1ðR2Þ
þ jjujjp1
W1ðR2Þ
jjvjjW1ðR2Þ þ 
 
 
 þ jjvjj
p
W1ðR2Þ
 
4cjju  vjjW1ðR2Þ jjujj
p
W1ðR
2Þ
þ jjvjjp
W1ðR
2Þ
 
;
where the constant c depends only upon p: Hence, if u and v are both in
BRð0Þ; then
jjAu  AvjjCð0;T ;W1ðR2ÞÞ4cTR
pjju  vjjW1ðR2Þ: ð3:6Þ
Just as in Theorem 3.4, if we deﬁne R to be 2jjfjjW1ðR2Þ and if T is ﬁxed so
that cTRp ¼ 1
2
; then A is a contractive map of BRð0Þ in Cð0; T ; W1ðR
2ÞÞ into
itself.
It follows from the contraction-mapping principle that with these choices
of R and T ; the mapping A has a unique ﬁxed point u in BRð0Þ: That is, there
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uðx; y; tÞ ¼ Au ¼ Ktf
Z t
0
KttQ
u pþ1ð
; tÞ
p þ 1
 
dt: ð3:7Þ
Moreover, if (3.6) is differentiated with respect to t; there appears the
relation
ut ¼ K 0tfQ
u pþ1
p þ 1
 

Z t
0
K 0ttQ
u pþ1ð
; tÞ
p þ 1
 
dt; ð3:8Þ
where
dK 0t f ðx; ZÞ ¼  iðx2 þ eZ2Þxð1þ x2Þ e
iðx2þeZ2Þt
xð1þx2Þ fˆðx; ZÞ
¼ 
iðx2 þ eZ2Þ
xð1þ x2Þ
dKt f ðx; ZÞ: ð3:9Þ
From relation (3.8), it follows that
K 0t ¼ ð@x þ e@
1
x @
2
yÞð1þ @
2
xÞ
1Kt; ð3:10Þ
and since Q ¼ ð1þ @2xÞ
1@x; (3.7) becomes
ð1þ @2xÞut ¼  u
pux
 ð@x þ e@1x @
2
yÞ Ktf
Z t
0
KttQ
u pþ1ð
; tÞ
p þ 1
 
dt
	 

¼  u pux  ux  e@1x uyy; ð3:11Þ
at least as an equation relating distributions in W1ðR
2Þ: Furthermore, it is
clear that
lim
t!0
uð
; tÞ ¼ f;
in W1ðR
2Þ since
dKtfðx; ZÞ ¼ eiðxxþyZÞeiðx2þeZ2Þtxð1þx2Þ #fðx; ZÞ:
Following the arguments exposed in [3, 6, 12], it is determined that the
solution u obtained by use of the contraction-mapping principle is
automatically unique in the large, not just on ½0; T  and in the ball BRð0Þ:
Iterating the contraction-mapping argument leads to an increasing
sequence fTkg
1
k¼1 such that a solution of (3.1) exists on the time interval
½0; Tk for all k ¼ 1; 2; . . . 2; . . . : By its construction, the solution u on each
BONA, LIU, AND TOM462interval ½Tk; Tkþ1; k ¼ 1; 2; . . . is given as the ﬁxed point of an integral
equation like (3.7). Two possibilities can occur here, either
lim
k!1
Tk ¼ T1oþ1 or the sequence fTkg1k¼1 is unbounded:
If T1 ¼ þ1; then the solution of (3.1) is global, while if T1oþ1; then it
must be case that
lim
t!T1
supjjuð
; tÞjjW1ðR2Þ ¼ þ1: ð3:12Þ
Otherwise, if M is an upper bound for jjuð
; tÞjjW1ðR2Þ for t 2 ½0; T1Þ; then the
local existence obtained via the contraction-mapping principle can be
applied with initial data uð
; t0Þ; where t0 2 ½0; T1Þ is close to T1; to extend
the solution by at least e0 ¼ 12ð1þ ð2MÞ
pÞ1c1; where c is the constant
appearing on the right-hand side of (3.5). As a consequence of this lower
bound, the solution is certainly extended to the temporal interval ½0; T1 þ
1
2
e0; say. This would contradict the deﬁnition of T1: It follows from these
arguments that
T1 ¼ supfT : there exists a solution u 2 Cð0; T ; W1ðR
2ÞÞ
of ð3:1Þ with uð
; 0Þ ¼ fg:
Moreover, the solution u can be extended over any time interval ½0; T  for
which one has an a priori estimate on the norm of u in W1ðR
2Þ:
The argument for continuous dependence follows the lines given in the
proof of Theorem 3.4. Thus let u be a solution obtained at least locally in
time by iterating the operator A on any function in BRð0Þ:More precisely, let
R > 0 be given and let T1 be determined by the relation cT1ð1þ RPÞ ¼ 12 : Let
f1 and f2 be in W1ðR
2Þ and suppose jjf1jjW1ðR2Þ; jjf2jjW1ðR2Þ4
1
2
R: Deﬁne A1
and A2 to be the operators given by the right-hand side of (3.2) with f
replaced by f1 and f2; respectively. Then, as above, we see that
jju1  u2jjCð0;T ;W1ðR2ÞÞ42jjf1  f2jjW1ðR2Þ:
Thus the solution depends continuously on the data at least on ½0; T1: In
particular
jju1ð
; T1Þ  u2ð
; T1ÞjjW1ðR2Þ42jjf1  f2jjW1ðR2Þ:
Using the same argument starting with the data u1ð
; T1Þ and u2ð
; T1Þ rather
than f1 and f2 leads to the conclusion that the solution depends
continuously on the data on the interval ½0; T2: Continuing in this manner
leads to the full conclusion about continuous dependence.
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þ1 in case f approaches zero in W1ðR
2Þ is now veriﬁed. To this end,
consider the equation (3.11) in the form
ut ¼ ð1þ @2xÞ
1@x u þ
u pþ1
p þ 1
	 

 eð1þ @2xÞ
1@1x uyy:
It is not hard to see that for sufﬁciently smooth solutions,
1
2
d
dt
Z
R2
½u2 þ u2x þ u
2
xx þ ð@
1
x uyÞ
2 þ u2y dx dy
¼ 
Z
R2
uð1þ @2xÞ
1@x
u pþ1
p þ 1
 
dx dy

Z
R2
uxð1þ @2xÞ
1@xðu puxÞ dx dy

Z
R2
uxð1þ @2xÞ
1@xðu puxÞ dx dy

Z
R2
uxxð1þ @2xÞ
1@xðu puxÞx dx dy

Z
R2
ð@1x uyÞð1þ @
2
xÞ
1ðu puyÞ dx dy

Z
R2
uyð1þ @2xÞ
1@xðu puyÞ dx dy
4Cjjujj0jju
pþ1jj0 þ Cjjuxxjj0jju
pþ1jj0 þ Cjjuxxjj0jju
puxjj0
þ Cjj@1x uyjj0jju
puyjj0 þ Cjjuyjj0jju
puyjj0; ð3:13Þ
where use has been made of the fact that ð1þ @2xÞ
1; ð1þ @2xÞ
1@x
and ð1þ @2xÞ
1@2x are all bounded linear operators on L2ðR
2Þ since
we are working on the case a ¼ 2: (For other values of a; the energy
functional
Z
R2
½u2 þ u2x þ ðD
a
xuÞ
2 þ ð@1x uyÞ
2 þ u2y dx dy
comes naturally to the fore.) It then follows from (3.13) that
d
dt
jjuð
; tÞjj2
W1ðR2Þ
4Cjjuð
; tÞjjpþ2
W1ðR
2Þ
:
BONA, LIU, AND TOM464Integrating the differential equation obtained by demanding equality in the
last inequality leads to the upper bound
jjuð
; tÞjj2
W1ðR
2Þ4
jjfjj2
W1ðR
2Þ
½1 Cpjjfjjp
W1ðR2Þ
t2=p
: ð3:14Þ
Inequality (3.14) was obtained assuming the solution is smooth. As we will
see in the next theorem, smooth data leads to smooth solutions, and the time
interval of existence depends only on the W1ðR
2Þ-norm of the initial data.
Hence the continuous-dependence result just established allows one to infer
that (3.13) continues to hold for W1ðR
2Þ-solutions. On the other hand,
bound (3.14) implies that
T15
1
Cpjjfjjp
W1ðR
2Þ
:
By combining this with the result of the last paragraph, the stated
conclusion on the maximal time of existence is obtained. ]
Theorem 3.5. Let a51 and let f 2 Xs with s > 32 : Then there exists T > 0
such that the initial-value problem (3.1) has a unique solution
u 2 Cð0; T ; XsÞ \ C1ð0; T ; Hs2ðR
2ÞÞ:
In particular, the solution u also satisfies
u 2 Cð0; T ; HsðR2ÞÞ and @1x uy 2 Cð0; T ; H
s1ðR2ÞÞ:
The solution depends continuously in these function classes on variations of f
in Xs:
Proof. The proof is similar to the one given for Theorem 3.4 except that
in showing that A maps Cð0; T ; XsÞ into itself, one ﬁrst recalls from
Corollary 3.2 that KttQ maps H
sðR2Þ into Xs; then uses that fact that
HsðR2Þ is a Banach-algebra since s > 3
2
: Once a solution of the equation is at
hand, the equation implies
ut ¼  Q u þ
u pþ1
p þ 1
þ e@2x uyy
	 

¼  Q u þ
u pþ1
p þ 1
	 

 eð1þ DaxÞ
1@1x uyy:
Since both Q and ð1þDaxÞ
1 and are bounded on HsðR2Þ; it follows because
@1x uy 2 H
s1ðR2Þ and s > 3
2
that
ut 2 Cð0; T ; Hs2ðR
2ÞÞ: ]
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Having established local well-posedness for the initial-value problem
under study, attention is given to whether the locally deﬁned solution can be
extended to the entire time axis.
Theorem 4.1. (1) If 24ao2
ﬃﬃﬃ
2
p
and f 2 Wa=2ðR
2Þ is such that fyy ¼ cxx
for some function c 2 L2ðR
2Þ; then there exists a unique solution u to the
initial-value problem (3.1) which for any T > 0; lies in Cð0; T ; Wa=2ðR
2ÞÞ
provided p4 16ða1Þ
4þ4aa2 :
(2) If 2
ﬃﬃﬃ
2
p
4ao4 and f 2 Wa=2ðR2Þ; then the conclusion in (1) continues
to hold provided only that po4:
(3) If a54 and f 2 W˜a=2ðR
2Þ; then for any T > 0; the initial-value problem
(3.1) possesses a unique solution u in the class Cð0; T ; W˜a=2ðR
2ÞÞ if po4:
(4) The conclusions in (2) and (3) are still valid if p ¼ 4 and the initial
data is small in H
a=2
x ðR2Þ:
Proof. Recall that the condition that fyy ¼ cxx for some L2ðR
2Þ-
function c is needed to show the quantity EðuÞ is conserved. The invariance
of Eðuð
; tÞÞ allowed one to infer that if f 2 Va=2ðR
2Þ; then the corresponding
solution remains bounded in Va=2ðR
2Þ throughout its time of existence if
po4: As noted earlier in the proof of Theorem 3.4, the local solution u can
be globally continued if it can be shown that u is bounded in Wa=2ðR
2Þ
(respectively W˜a=2ðR
2ÞÞ on bounded time intervals.
If 24ao4; and f 2 Wa=2ðR2Þ; then f; fx; @1x fy 2 H
a=2
x ðR2Þ: It follows
from the discussion in Section 2 that if po4; the solution uð
; tÞ 2 Ha=2x ðR2Þ and
@1x uyð
; tÞ 2 L2ðR
2Þ independently of time t: Thus, to show u 2 Wa=2ðR
2Þ for
any T > 0; it sufﬁces to obtain bounds for the terms ux and @1x uy in H
a=2
x ðR2Þ:
First, differentiate Eq. (3.1) with respect to x: Multiply the resulting
expression by ux and integrate over R
2 to obtain the relation
1
2
d
dt
Z
R2
½u2x þ ðD
a=2
x uxÞ
2 ¼ 
Z
R2
ðu puxÞxux
¼
Z
R2
u puxuxx
4 jujp1jjuxjj0jjuxxjj0
4 cjjuxjj
p
4
þ1
0 jj@
1
x uyjj
p
4
0 jjuyjj
p
4
0 jjuxxjj
p
4
þ1
0
4 cjjuyjj
p
4
0 jjuxxjj
p
4
þ1
0 ; ð4:1Þ
BONA, LIU, AND TOM466where use has been made of the fact that ux and @1x uy are both a priori
bounded in L2ðR
2Þ independently of t: This relation obtains formally for
sufﬁciently smooth initial data. The extra smoothness needed for the
derivation may be dispensed with upon resorting to the continuous
dependence result.
Next, apply the operator @1x @y to both sides of (3.1), multiply the
resulting expression by @1x @yu and integrate over R
2 to ﬁnd
1
2
d
dt
Z
R2
½ð@1x uyÞ
2 þ ðDa=2x @
1
x uyÞ
2 ¼ 
Z
R2
u puy@
1
x uy
4 jujp1jjuyjj0jj@
1
x uyjj0
4 cjjuxjj
p
4
0 jj@
1
x uyjj
p
4
þ1
0 jjuyjj
p
4
þ1
0 jjuxxjj
p
4
0
4 cjjuyjj
p
4
þ1
0 jjuxxjj
p
4
0 : ð4:2Þ
By adding relations (4.1) and (4.2), the inequality
d
dt
Z
R2
½u2x þ ð@
1
x uyÞ
2 þ ðDa=2x uxÞ
2 þ ðDa=2x @
1
x uyÞ
2
4c½jjuyjj
p
4
0 jjuxxjj
p
4þ1
0 þ jjuyjj
p
4þ1
0 jjuxxjj
p
4
0  ð4:3Þ
emerges. The above inequality is then integrated with respect to t from 0 to
T to yield
jjuð
; TÞjj2
Wa=2ðR
2Þ4 cjjfjj
2
Wa=2ðR
2Þ
þ c
Z T
0
½jjuyjj
p
4
0 jjuxxjj
p
4
þ1
0 þ jjuyjj
p
4
þ1
0 jjuxxjj
p
4
0  dt: ð4:4Þ
Interpolation is applied as follows to control the terms under the integrand
in (4.4): ﬁrst since ao4;
jjuxxjj04jjujjH2x ðR2Þ4cjjujj
2a
2
H
1þ
a
2
x ðR
2Þ
jjujj
a
2
1
H
a=2
x ðR
2Þ
; ð4:5Þ
and secondly, for any e050;
jjuyjj04cjjuyjj
1
1þe0
H
e0
x ðR
2Þ
jj@1x uyjj
e0
1þe0
0 :
CAUCHY PROBLEM AND SOLITARY-WAVE SOLUTIONS 467Choosing e0 ¼ ða=2Þ  1 which is nonnegative since a52; the last inequality
is specialized to
jjuyjj04cjjuyjj
2
a
H
a
2
1
x ðR
2Þ
jj@1x uyjj
12a
0 : ð4:6Þ
Relations (4.5) and (4.6) are then inserted into (4.4) to obtain
jjuð
; TÞjj2
Wa=2ðR
2Þ4 jjfjj
2
Wa=2ðR
2Þ þ c
Z T
0
jjuyjj
p
2a
H
a
2
1
x ðR
2Þ
jjujj
ð
p
4
þ1Þð2a
2
Þ
H
1þ
a
2
x ðR
2Þ
(
þ jjuyjj
2
a ð
p
4
þ1Þ
H
a
2
1
x ðR
2Þ
jjujj
p
4
ð22a Þ
H
1þ
a
2
x ðR
2Þ
)
dt;
where as previously noted, jjujj
H
a=2
x ðR
2Þ and jj@
1
x uyjj0 are known to be bounded
independently of t: In consequence,
jjuð
; TÞjj2
Wa=2ðR
2Þ4 jjfjj
2
Wa=2ðR
2Þ
þ c
Z T
0
jjujj
p
2aþ
p
2

pa
8
þ2a
2
Wa=2ðR
2Þ
þ jjujj
p
2aþ
2
aþ
p
2

pa
8
Wa=2ðR
2Þ
 
dt; ð4:7Þ
and so a Gronwall-type argument may be applied to conclude that
sup
04t4T
jjuð
; tÞjj2
Wa=2ðR
2Þ4jjfjj
2
Wa=2ðR
2Þ expðcTÞ; ð4:8Þ
provided
p
2a
þ
p
2

pa
8
þ 2
a
2
42;
and
p
2a
þ
2
a
þ
p
2

pa
8
42:
It then follows that there is a uniform bound on the solution u in the space
Wa=2ðR
2Þ on the interval ½0; TÞ; and since T > 0 was arbitrary, global well-
posedness then follows. Since 24ao4; a calculation reveals
p
2a
þ
p
2

pa
8
þ 2
a
2
4
p
2a
þ
p
2

pa
8
þ
2
a
;
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p4
16ða 1Þ
4þ 4a a2
:
As p44 in any event, this inequality is only binding when 24ao2
ﬃﬃﬃ
2
p
: For
a52
ﬃﬃﬃ
2
p
; the restriction po4 (or p ¼ 4 and jjfjj
H
a=2
x ðR
2Þ small) is the stronger
restriction. Thus the situation for ao4 is seen to be as advertised in the
statement of the theorem.
For a54; let f 2 W˜a=2ðR
2Þ: Since jjujjHa=2ðR2Þ and jj@
1
x uyjj0 are a priori
bounded independently of t if po4; uxx 2 L2ðR2Þ because a54: Hence, to
derive a uniform bound on the solution u in the space W˜a=2ðR
2Þ; it is enough
to estimate @1x uy in the space H
a=2
x ðR2Þ: From relation (4.2), it follows
that
1
2
d
dt
Z
R2
½ð@1x uyÞ
2 þ ðDa=2x @
1
x uyÞ
2
¼ 
Z
R2
u puy@
1
x uy
4jujp1jjuyjj0jj@
1
x uyjj0
4cjjuxjj
p=4
0 jj@
1
x uyjj
ðp=4Þþ1
0 jjuyjj
ðp=4Þþ1
0 jjuxxjj
p=4
0
4cjjuyjj
ðp=4Þþ1
0 : ð4:9Þ
On the other hand,
jjuyjj20 ¼
Z
R2
uyuy
¼ 
Z
R2
uxy@
1
x uy
4 cjj@1x uyjj0jjuxyjj0
4 cjj@1x uyjj0jjuyjj
2=ða2Þ
H
ða=2Þ1
x ðR
2Þ
jjuyjj
ða4Þ=ða2Þ
0 ;
and so
jjuyjj
a=ða2Þ
0 4cjj@
1
x uyjj0jjuyjj
2=ða2Þ
H
ða=2Þ1
x ðR
2Þ
;
or, what is the same,
jjuyjj04cjj@
1
x uyjj
1ð2=aÞ
0 jjuyjj
2=a
H
ða=2Þ1
x ðR
2Þ
: ð4:10Þ
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d
dt
jj@1x uyjj
2
H
a=2
x ðR
2Þ
4cjjuyjj
ð2=aÞððp=4Þþ1Þ
H
ða=2Þ1
x ðR
2Þ
; ð4:11Þ
where c depends on jjfjjVa=2ðR2Þ: Integrating relation (4.11) with respect to t
and noting that for a54 and p44
2
a
p
4
þ 1
 
¼ b41:
Gronwall’s lemma may be applied to obtain
sup
t2½0;T 
jj@1x uyð
; tÞjj
2
H
a=2
x ðR
2Þ
4jj@1x fyjj
2
H
a=2
x ðR
2Þ
ecT :
This completes the proof of the theorem. ]
Attention is now turned to specifying conditions under which the local
solution obtained in Theorem 3.5 can be extended to a global one. If f 2
X2 \ Wa=2ðR
2Þ (respectively W˜a=2ðR
2ÞÞ is such that fyy ¼ cxx for some
function c 2 L2ðR
2Þ; then by Theorem 4.1, the solution u lies in Cð0; T ;
Wa=2ðR
2ÞÞ (respectively Cð0; T ; W˜a=2ðR
2ÞÞ for any T > 0 when p and a satisfy
the conditions of Theorem 4.1. Thus, to show that the solution is global in
X2; say, it is sufﬁcient to estimate @1x uyy and uyy in L2ðR
2Þ: To this end, the
integral equation
u ¼ Ktf
Z t
0
KttQ
u pþ1
p þ 1
 
dt ð3:20Þ
comes to the fore. It follows from this relation that
jj@1x uyyjj04jj@
1
x fyyjj0 þ
Z t
0
KttQ@
1
x
u pþ1
p þ 1
 
yy




0
dt:
Observing that KttQ@1x ¼ Kttð1þD
a
xÞ
1 is a bounded operator on
L2ðR
2Þ; it follows that
jj@1x uyyjj04jj@
1
x fyyjj0 þ c
Z t
0
jjðu pþ1Þyyjj0 dt:
Similarly,
jjuyyjj04jjfyyjj0 þ
Z t
0
jjðu pþ1Þyyjj0 dt;
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jj@1x uyyjj0 þ jjuyyjj04 jj@
1
x fyyjj0 þ jjfyyjj0 þ c
Z T
0
jjðu pþ1Þyyjj0 dt
4 jj@1x fyyjj0 þ jjfyyjj0 þ c
Z T
0
ðfjjpu p1u2yjj0 þ jju
puyyjj0gÞ dt
4 jj@1x fyyjj0 þ jjfyyjj0 þ c
Z T
0
fjujp11 juyj
2
4 þ juj
p
1jjuyyjj0g dt
4 jj@1x fyyjj0 þ jjfyyjj0
þ c
Z T
0
fjujp11 jjuyjj
1=2
0 jjuxxjj
1=2
0 jjuyyjj
1=2
0 jj@
1
x uyyjj
1=2
0
þ jujp1jjuyyjj0g dt
4 jj@1x fyyjj0 þ jjfyyjj0
þ c
Z T
0
fjj@1x uyyjj
1=2
0 jjuyyjj
1=2
0 þ jjuyyjj0g dt:
In these inequalities, use has been made of the fact that juj1 is bounded on
½0; T  by virtue of the condition u 2 Cð0; T ; Wa=2ðR
2ÞÞ (respectively Cð0; T ;
W˜a=2ðR
2ÞÞÞ for any T > 0 and that
juyj244cjjuyjj
1=2
0 jjuxxjj
1=2
0 jjuyyjj
1=2
0 jj@
1
x uyyjj
1=2
0 :
It follows that if X2 \ Wa=2ðR
2Þ is normed by
jjfjjX2\Wa=2ðR2Þ ¼ jjfjjX2 þ jjfjjWa=2ðR2Þ;
then an application of Gronwall’s Lemma yields
jj@1x uyyjj0 þ jjuyyjj04jjfjjX2\Wa=2ðR2Þ expðcTÞ
for 04t4T or equivalently,
sup
t2½0;T 
jjuð
 ; tÞjjX24jjfjjX2\Wa=2ðR2Þ expðcTÞ: ð4:12Þ
A similar estimate obtains for a54; but the right-hand side of (4.12) features
the norm in the space X2 \ W˜a=2ðR
2Þ:
For s > 2; the integral equation (3.2)–(3.20) may be used again to derive
the inequality
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Z t
0
jju pþ1jjs dt
4 jjfjjXs þ
Z t
0
aðjjujjs1Þjjujjs dt;
where a is a monotone increasing function (see [26]). Thus
jjujjXs4jjfjjXs þ
Z t
0
aðMs1Þjjuð
 ; tÞjjXs dt; ð4:13Þ
where for any real number q;
Mq ¼ MqðTÞ ¼ sup
04t4T
jjuð
; tÞjjXq :
From the previous paragraph, it is known that
M2ðTÞ ¼ sup
04t4T
jjuð
; tÞjjX24jjfjjX2\Wa=2ðR2Þe
cT
for any T > 0: By applying Gronwall’s Lemma to (4.13) and arguing
inductively from the bound on M2ðTÞ; it is ascertained that MsðTÞ is
uniformly bounded on ½0; T  for any s such that f 2 Xs \ Wa=2ðR
2Þ
(respectively Xs \ W˜a=2ðR
2Þ when a54). Hence, jjuð
; tÞjjXs is uniformly
bounded on ½0; T  and in consequence, we have the following global
existence and uniqueness result.
Theorem 4.2. Let a52 and f 2 Xs \ Wa=2ðR
2Þ (respectively f 2 Xs \
W˜a=2ðR
2Þ if a54) be such that @2x fyy 2 L2ðR
2Þ: Assume p and a satisfy the
conditions of Theorem 4.1. Then for any T > 0; the initial-value problem (3.1)
has a unique solution
u 2 Cð0; T ; XsÞ \ C1ð0; T ; Hs2ðR
2ÞÞ:
In particular, for any T > 0; the solution u of (3.1) has the properties
u 2 Cð0; T ; HsðR2ÞÞ; @1x uy 2 Cð0; T ; H
s1ðR2ÞÞ:
For any T > 0; the solution map f/u is locally Lipschitz-continuous from
Xs \ Wa=2ðR
2Þ (respectively, Xs \ W˜a=2ðR
2ÞÞ into these spaces.
Remark 4.3. (1) For the generalized RLW–KP equations (1.5) and
(1.11) with a power nonlinearity or (1.18) with L ¼ @2x; global unique
solution exists for large data in X2 if p42 regardless of the sign of e (even
though the solution belongs to V1ðR
2Þ independently of t if po4), while for
BONA, LIU, AND TOM472the generalized KPI equation ðe ¼ 1Þ; global solutions persist for large
data in V1ðR
2Þ if po4
3
[36].
(2) The regularized version of the ﬁfth-order KP-equation has a unique
global solution in X2 \ W˜2ðR
2Þ if po4: On the other hand, its counterpart,
Eq. (1.12) with a ¼ 4 possesses global solution in V2ðR
2Þ if po2:
5. STABILITY OF SOLITARY-WAVE SOLUTIONS
In this section, attention is restricted to the case a ¼ 2 and e ¼ 1: The
case a ¼ 2 arose in the original derivation of the KP-equations as a model
for surface water waves, and it continues to hold a distinguished place in the
pantheon of KP-like models, including those considered here. The
mathematical advantage to the case a ¼ 2; and the principal reason why
we restrict to this case in the present development, is that the dispersion
operator L ¼ @2x is local. Thus the evolution equation takes the special
form
ðut þ ux þ u pux  uxxtÞx ¼ uyy: ð5:1Þ
Here, as before, the parameter p51 is a positive integer.
The focus of the development in this section is the solitary-wave, or lump
solutions of (5.1). Localized, travelling-wave solutions of nonlinear,
dispersive wave equations are known in many circumstances to play a
distinguished role in the long-time evolution of an initial disturbance. In
consequence, and because the issues are interesting in their own right, the
orbital and asymptotic stability of these special solutions has been a central
theme of development for more than three decades (cf. [4, 8, 30, 31, 41, 42],
etc.).
In the context of (5.1), if c > 1 is a speciﬁed speed of propagation, a
solitary-wave solution uðx; y; tÞ ¼ fcðx ct; yÞ satisﬁes the time-independent
partial differential equation
cfcxx þ ðc  1Þfc þ @
2
x fcyy 
1
p þ 1
fpþ1c ¼ 0: ð5:2Þ
A central role will be played by the functionals I ¼ Ic and K deﬁned for
u 2 V1ðR
2Þ by
IcðuÞ ¼
Z
R2
½ðc  1Þu2 þ cu2x þ ð@
1
x uyÞ
2 dx dy
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KðuÞ ¼
1
p þ 1
Z
R2
u pþ2 dx dy;
respectively. The functional K is well-deﬁned on V1ðR
2Þ by virtue of Lemma
2.1. Equation (5.2) is the Euler–Lagrange equation of the functional
LcðuÞ ¼
1
2
IcðuÞ 
1
p þ 2
KðuÞ:
Thus it is interesting with regard to the analysis of travelling-wave solutions
to consider the minimization problem
Mc ¼ inffIc: u 2 V1ðR
2Þ and KðuÞ ¼ 1g: ð5:3Þ
If cc 2 V1ðR
2Þ is a minimizer of problem (5.3), so that Mc ¼ IcðccÞ and
KðuÞ ¼ 1; then cc is necessarily a solution to the equation
c@2xcc þ ðc  1Þcc þ @
2
x @
2
ycc ¼ lc
pþ1
c ; ð5:4Þ
for some Lagrange-multiplier l: As c=0; it is easy to see that l > 0 and so
fc ¼ l
1=pcc
is a solution of (5.2), often referred to as a ground state of (5.1). It is clear
that
IcðfcÞ ¼ KðfcÞ ¼ M
ð2þpÞ=p
c ¼ l
2=pIcðccÞ:
The following result is proved in [15, 30, 31, 41].
Theorem 5.1. Suppose c > 1 and 0opo4: Let fckg1k¼1 be a minimizing
sequence for problem (5.3). Then there exists a subsequence fcn ¼ ckng
1
n¼1 of
fckg
1
k¼1; a sequence fyjg
1
j¼1 of real numbers and an element cc 2 V1ðR
2Þ such
that ckjð
  yjÞ ! cc in V1ðR
2Þ: The function cc is a minimizer of (5.3) subject
to the constraint KðccÞ ¼ 1 and is therefore a solution of the Euler–Lagrange
equation (5.4). It then follows that fc ¼ l
1=pcc is a ground state of (5.1),
where l > 0 is the Euler–Lagrange multiplier associated to the solution cc of
(5.3).
Remark 5.2. In [15], the problem that was actually posed and solved by
de Bouard and Saut was to minimize
JðuÞ ¼
Z
R2
½u2 þ u2x þ ð@
1
x uyÞ
2 dx dy;
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problem are related to ground-state solutions as deﬁned above by a simple
change of variables; if
fcðx; yÞ ¼ ðc  1Þ
1=pw
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c  1
c
r
x;
c  1ﬃﬃ
c
p y !;
where fc is a ground state, then w is a ground state of
wxx þ w 
1
p þ 1
wpþ1 þ @2x wyy ¼ 0
and
IcðfcÞ ¼ ðc  1Þ
ð2þpÞ=pJðwÞ:
For a given c > 1; the set of all associated ground states Sc may be
characterized as
Sc ¼ ffc 2 V1ðR
2Þ: KðfcÞ ¼ IcðfcÞ ¼ M
ðpþ2Þ=p
c g:
By Theorem 5.1, Sc is not empty. Moreover, as both Ic and K are invariant
under translations in the spatial variable x; y; Sc is also invariant under such
translations.
Definition. Let X be a Banach space of real valued functions whose
domain is R2: A set S  X is called X -stable for the RLW–KP equation
(5.1) if for any e0 > 0; there exists d > 0 such that for u0 2 X \ W1ðR
2Þ with
inf
v2S
jju0  vjjXod;
the solution u of Eq. (5.1) with initial value uð
; 0Þ ¼ u0ð
Þ can be extended to
a global solution in Cð0;1; X \ W1ðR
2ÞÞ and
sup
04to1
inf
v2S
jjuðtÞ  vjjXoe0:
Otherwise, S is called X -unstable or just unstable if X is understood.
Deﬁne the function d of the wavespeed c to be
dðcÞ ¼ EðfcÞ þ cV ðfcÞ
for fc 2 Sc; where as in (2.10) with e ¼ 1;
EðuÞ ¼
Z
R2
1
2
ð@1x uyÞ
2 
1
2
u2 
u pþ2
ðp þ 1Þðp þ 2Þ
	 

dx dy
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V ðuÞ ¼
1
2
Z
R2
ðu2 þ u2xÞ dx dy:
It is easy to see that dðcÞ depends only on c and not on the element fc 2 Sc:
In fact, from the deﬁnition of d and the characterization of Sc; it follows that
dðcÞ ¼
1
2
IcðfcÞ 
1
p þ 2
KðfcÞ ¼
p
2ðp þ 2Þ
M ðpþ2Þ=pc :
Theorem 5.3 (Nonlinear Stability). The travelling wave Sc is V1ðR2Þ-
stable if either (1) 0opo4
3
and c > 1; or (2) 4
3
opo4 and c > ð4pÞ=ð4þ pÞ:
Remark 5.4. Actually, it will turn out the nonlinear stability just
asserted is determined by the sign of d 00ðcÞ: In the present circumstances, it
is easy to determine the sign of d 00ðcÞ: Just note that
dðcÞ ¼
p
2ðp þ 2Þ
ðc  1Þð4pÞ=2pcKðwÞ;
where
KðwÞ ¼ IðwÞ ¼
Z
R2
½w2 þ w2x þ ð@
1
x wyÞ
2 dx dy > 0;
and w is a solution of
wxx þ w þ @2wyy 
1
p þ 1
wpþ1 ¼ 0 ðx; yÞ 2 R2:
Of course, w is independent of c: Simple calculations show that
d 0ðcÞ ¼ V ðfcÞ ¼ ðc  1Þ
ð43pÞ=2p 4þ p
2p
c  1
 
p
2ðp þ 2Þ
KðwÞ > 0
for 0opo4; and that
d 00ðcÞ ¼
1
4p2
ð4 pÞðð4þ pÞc  4pÞðc  1Þð45pÞ=2p
p
sðp þ 2Þ
KðwÞ:
In consequence, we have
d 00ðcÞ > 0 ð5:6Þ
if and only if (1) or (2) holds. Condition (5.6) turns out to imply stability.
In dealing with the stability issues just raised, the following two lemmas
will be helpful.
BONA, LIU, AND TOM476Lemma 5.5. Let c > 1 and suppose d 00ðcÞ > 0: There exists a d > 0 such
that if jc1  cjod then
dðc1Þ > dðcÞ þ d 0ðcÞðc1  cÞ þ 14d
00ðcÞðc1  cÞ
2:
Proof. The functionals E and V are C1-mappings of V1ðR
2Þ into R:
Similarly, the mapping c/Ic is smooth from R into C
1ðV1ðR
2Þ;RÞ; the
class of smooth maps from V1ðR
2Þ to R: Hence the value Mc varies smoothly
with c 2 ð1;1Þ; and consequently d is a smooth function of c > 1: Taylor’s
Theorem applied to d implies the advertised result. ]
For e0 > 0 and c > 0; deﬁne an e0-neighborhood of the set of solitary-
waves of speed c to be
Uc;e0 ¼ u 2 V1ðR
2Þ: inf
fc2Sc
jju  fcjjV1ðR2Þoe0
 
:
Suppose 0opo4 so that for c41, d 0ðcÞ > 0: The Implicit-Function Theorem
implies that for each c > 1 there corresponds an e0 > 0 and C1-mapping
C : Uc;e0 ! R
þ such that CðfcÞ ¼ c and,
CðuÞ ¼ d1
p
2ðp þ 2Þ
KðuÞ
 
ð5:7Þ
for all u 2 Uc;e0 : For any compact subset ½m; M of ð1;1Þ; the value of e0 may
be chosen so that (5.7) is valid uniformly for c 2 ½m; M (cf. [13]).
Lemma 5.6. Suppose d 00ðcÞ > 0 for some c > 1: Then there exists e0 > 0
such that for any u 2 Uc;e0 and fc 2 Sc
EðuÞ  EðfcÞ þ CðuÞðV ðuÞ  V ðfcÞÞ5
1
4
d 00ðcÞjCðuÞ  cj2;
where CðuÞ is defined in (5.7) above.
Proof. Because
KðuÞ ¼
2ðp þ 2Þ
p
dðCðuÞÞ ¼
2ðp þ 2Þ
p
½EðfCðuÞÞ þ CðuÞV ðfCðuÞÞ:
and, for any u and c,
EðuÞ þ cV ðuÞ ¼
1
2
ICðuÞ 
1
p þ 2
KðuÞ
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KðuÞ ¼ KðfCðuÞÞ: ð5:8Þ
This implies that
ICðuÞðuÞ5ICðuÞðfCðuÞÞ
because fCðuÞ is a minimizer of ICðuÞ subject to the constraint KðuÞ ¼
KðfCðuÞÞ: Lemma 5.5 implies
EðuÞ þ CðuÞV ðuÞ5
1
2
ICðuÞðfCðuÞÞ 
1
p þ 2
KðfCðuÞÞ ¼ dðCðuÞÞ
5 dðcÞ þ d 0ðcÞðCðuÞ  cÞ þ 1
4
d 00ðcÞðCðuÞ  cÞ2
¼EðfcÞ þ CðuÞV ðfcÞ þ
1
4
d 00ðcÞðCðuÞ  cÞ2;
as advertised. ]
Proof of Theorem 5.4. Arguing by contradiction, assume that Sc is
V1ðR
2Þ-unstable. This means there exists d > 0 and initial data ukð0Þ 2 Uc;ð1=kÞ
and times tk > 0; k ¼ 1; 2; . . . such that
inf
f2Sc
jjukð
; tkÞ  fjjV1ðR2Þ ¼ d: ð5:9Þ
Because the functionals E and V are continuous on V1ðR
2Þ and are
conserved quantities for the RLW–KP ﬂow, there are elements fk 2 Sc;
k ¼ 1; 2; . . . ; such that
jEðukð
; tkÞÞ  EðfkÞj ¼ jEðukð
; 0ÞÞ  EðfkÞj ! 0 ð5:10Þ
as k !1 and
jV ðukð
; tkÞÞ  V ðfkÞj ¼ jV ðukð
; 0ÞÞ  V ðfkÞj ! 0 ð5:11Þ
as k !1: Choose d small enough so that Lemma 5.6 applies, which is to
say
Eðukð
; tkÞÞ  EðfkÞ þ Cðukð
; tkÞÞðV ðukð
; tkÞÞ  V ðfkÞÞ
51
4
d 00ðcÞðCðukð
; tkÞÞ  cÞ
2 ð5:12Þ
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jjukð
; tkÞjjV1ðR2Þ4 jjfk jjV1ðR2Þ þ 2d
4 1þ
1
c
þ
1
c  1
 
IcðfcÞ þ 2d
¼ 1þ
1
c
þ
1
c  1
 
Mðpþ2Þ=pc þ 2doþ1:
Thus the sequence fukð
; tkÞg
1
k¼1 is uniformly bounded in V1ðR
2Þ It follows
immediately that the collection fKðukð
; tkÞg
1
k¼1 is bounded and hence so are
the values fCðukð
; tkÞÞg
1
k¼1 since d
1 is continuous. Combining this with
(5.10)–(5.12) yields that
Cðukð
; tkÞ ! c: ð5:13Þ
Relation (5.13) implies in turn that
lim
k!1
Kðukð
; tkÞÞ ¼ lim
k!1
2ðp þ 2Þ
p
dðCðukð
; tkÞÞÞ
¼
2ðp þ 2Þ
p
dðcÞ:
From the foregoing facts, it follows reading that
Icðukð
; tkÞÞ ¼ 2

EðukÞ þ cV ðukÞ

þ
2
p þ 2
Kðukð
; tkÞÞ ! 2dðcÞ þ
4
p
dðcÞ
¼
2ðp þ 2Þ
p
dðcÞ as k !1;
which is to say
Icðukð
; tkÞÞ ! M ðpþ2Þ=pc ¼ IcðfcÞ:
Deﬁne wk by
wk ¼ Kðukð
; tkÞÞ
½1=ðpþ2Þukð
; tkÞ:
Then KðwkÞ ¼ 1 and
IcðwkÞ ¼ ðKðukð
; tkÞÞÞ
½2=ðpþ2ÞIcðukð
; tkÞÞ
!
M
ðpþ2Þ=p
c
ð2ðpþ2Þ
p
dðcÞÞ2=ðpþ2Þ
¼ Mðpþ2Þ=pc M
ð2=pÞ
c ¼ Mc:
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1
k¼1 minimizes E subject to the constraint V ¼ 1: In
consequence of Theorem 5.1, there is a subsequence, still denoted fwkg
1
k¼1,
and a corresponding sequence fcg1
k¼1
 V1ðRÞ such that
lim
k!1
jjwk  ck jjV1ðR2Þ ¼ 0;
where KðckÞ ¼ 1 for all k. This in turn implies that
lim
k!1
jjukð
; tkÞ  fkjjV1ðR2Þ ¼ 0
where fk ¼ M
1=p
c ck 2 Sc, which contradicts (5.9). ]
6. EXTENSION TO SEVERAL SPACE DIMENSIONS
In this section, we offer commentary on an extension of the foregoing
theory to several space dimensions. The extension we have in mind is the
Cauchy problem
ðut þ ux þ u pux þ DaxutÞx þ eDn1u ¼ 0;
uðx; y1; . . . ; yn1; 0Þ ¼ fðx; y1; . . . ; yn1Þ;
(
ð6:1Þ
where Dn1 ¼ @2y1 þ 
 
 
 þ @
2
yn1
and n52: Two conserved quantities in this
case are
V ðuÞ ¼
Z
Rn
½u2 þ ðDa=2x uÞ
2 dx dy1 . . . dyn1
and
EðuÞ ¼
Z
Rn
e
2
ð@1x uy1 Þ
2 þ 
 
 
 þ
e
2
ð@1x uyn1Þ
2 þ
u2
2
þ
u pþ2
ðp þ 1Þðp þ 2Þ
	 

:
Deﬁne Va=2ðR
nÞ to be the space of functions f such that f 2 Ha=2x ðRnÞ and
@1x ryf 2 L2ðR
nÞ: The associated semi-norm is
jj@1x ryujj
2
L2ðR
nÞ ¼
Z
Rn
j@1x ryuj
2 dx dy1 . . . dyn1
¼
Z
Rn
½ð@1x uy1Þ
2 þ 
 
 
 þ ð@1x uyn1 Þ
2
 
dx dy1 . . . dyn1:
The basic inequality
jjujjpþ2
Lpþ2ðRnÞ
4cjjujj2ðpn=aÞðp=2Þðn3Þ
L2ðRnÞ
jjujjpn=a
H
a=2
x ðR
nÞ
jj@1x uyjj
ðp=2Þðn1Þ
L2ðRnÞ
ð6:2Þ
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2ðn1Þþðn2Þa (see [37–39]). As before, a
necessary condition for a function f to be in the class Va=2ðR
nÞ is that
fyi ¼ gix for some functions gi 2 L2ðR
nÞ for i ¼ 1; . . . ; n  1: It therefore
follows that if initial data f 2 Va=2ðR
nÞ is imposed, then the conserved
quantities V ðuÞ and EðuÞ and inequality (6.2) imply that the associated
solution u deﬁned at least for 04t4T will lie in the space
L1ð0; T ; Va=2ðR
nÞÞ if po½4=ðn  1Þ: If p ¼ ½4=ðn  1Þ; the same conclusion
holds if jjfjjHa=2ðRnÞ is small.
This remark should be compared with a similar one for the initial-value
problem
ðut þ u pux DaxuxÞx  Dn1u ¼ 0;
uðx; y1; . . . ; yn1Þ ¼ fðx; y1; . . . ; yn1Þ;
(
ð6:3Þ
for the Kadomtsev–Petviashvili equation in several space dimensions. It was
recently shown that if f 2 Va=2ðR
nÞ; n51; then all solutions u belong to the
class L1ðR
þ; Va=2ðR
nÞÞ provided po½4a=ð2n þ ðn  1ÞaÞ: (In the case n ¼ 1;
this result reduces to the result of Saut [32] for the existence of global
solutions for generalizations of the Korteweg–de Vries equation of the form
ut þ u pux Daxux ¼ 0
with po2a:) Since 4a=½2n þ ðn  1Þao4=ðn  1Þ for n52; there seems to be
an improvement in the range of values of p for the existence of global
solutions for the RLW–KP-type equations over the KDV–KP type. Indeed,
this difference is real and not just an artifact of the proof. It is known (see
[33, 38] that smooth initial data f leads to a local solution u of (6.3), but if
p54=ðn  1Þ it can happen that the H1ðRnÞ-norm jjuð
; tÞjjH1ðRnÞ ! þ1 as
t ! tnoþ1:
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